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Introduction
The method of extracting one real root of a cubic polynomial has been known for some hundreds of years, and has been widely documented. However, the extraction of the remaining roots is invariably treated in a less satisfactory manner, the implication often being that the corresponding quadratic equation should be formed and solved in the conventional way. This article improves on this technique by deriving a set of compact algebraic formulae based on hyperbolic functions which will evaluate all the roots of a cubic polynomial directly, regardless of whether they are real, imaginary, complex, or repeated.
Background
Given a cubic polynomial of the form f(x) = ax3 + bx2 + cx + d the standard method of solvingf (x) = 0 is to form the reduced (sometimes referred to as 'depressed') cubic equation az3 + mz + n = 0 where z = x + b/3a, then to use one of a number of substitutions to evaluate z. The classical substitution is z = p + q, which enables one real root, a, to be evaluated using cube roots. However, the evaluation of the remaining roots using this technique always involves manipulating complex numbers, and is rarely discussed; the easiest solution is to solve the quadratic f (x) = (x -a) Nickalls [1] describes a trigonometric technique to solve a cubic with three real roots using a substitution based on the cosine function, although this yields complex angles when the technique is applied to cubics with with A = 1 when a is b x c. The argument above now shows that (5) holds with A = 1 for any a and this is (1).
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Solving the cubic
It is necessary to define the following quantities (similarly to 
